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ABSTRACT. In this paper we will show how to generate in general AM + 1
and Sk. + 1 -the alternating and the symmetric groups of degrees kn + 1-
using a copy of S. and an element of order k + 1 in Ak. + 1 and Sk. + I for all
positive integersn;;,: 2 andk;;,: 2. We will also show how to generateAk. + I
and S k. + 1 symmetrically using n elements each of order k + 1.

I. Introduction

Hammas[ll, showed that A2 n + 1 can be presented as

G = A2n + 1 = (X, Y, TI (X, Y) = Sn' T3 = [T, Ss-IJ = 1)

for all 3 ~ n ~ 11 where [ T, Sn -1 ] means that Tcommutes with Y and with ( xy)r (n -3),

the generators of Sn -1 .The relations of the symmetric group Sn = (X, Y) of degree
n are found in Coxeter and Moser[31. In order to complete the enumeration, we need
to add some relations to the presentation that generateA2 n + l' n ~ 2. Also in Ham-
mas[l] it has been proved that for all 3 ~ n ~ .11, the group A2 n + 1 can be
symmetrically generated by n-elements each of order 3, and of the form To, T 1 ' .., ,
Tn -1' where, Ti = Tx' = X-I TX' andT, X satisfy the relations of the groupA2n + I'
The set { To, T1, ..., T n-l} is called the symmetric generating set of A2 n + I (see the

definition in section 2).

Hammas et aU21 have given a permutational generating set that generatesA2 n + I
for all n ~ 2, and satisfies the relations given in the group G above. Also, they have
proved that for all n ~ 2, the group A2 n + I can be symmetrically generated by n-ele-

ments each of order 3[21.
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.In this paper, we give permutations generate Akn + 1 and Skn + 1 for all n ~ 2 and
satisfy the relations given in presentation ofAkn + 1 and Skn + I. Further, we prove
that Akn + I and S kn + 1 : n ~ 2 can be symmetrically generated by n permutations each
of order 3 satisfying our definition in Hammas et al. [21.

The results obtained here generalise the results given Hammaset al. [2] and lead us

to formulate a conjecture which generalises the results given in Hammas[IJ.

II. Symmetric Generating Sets
Let G be a group and r = { To, TJ.' ..., Tn -I} be a subset of G where, Ti = Tx! for

all i = 0, 1, ..., n -1. Let Sn a copy of the symmetric group of degree-n be the nor-
malizer in G of the set r. We define rto be a symmetric generating set of G if and
only if G = (r) and Sn permutes r doubly transitively by conjugation, i.e., Tis realiz-
able as an inner automorphism.

III. Permutational Generating Set of Akn+1 and Skn +1

Theorem Ill.l. Akn + 1 and Skn + 1 can be generated using a copy of Sn and an element
of order k + tin Akn + 1 and Skn + 1 for all n ~ 2 and all k ~ 2.

Proof

Let X, Yand T be the permutations:

X=( 1,2, ...,n)(n + i,n + 2, ...,2n) ...«k-1)n + 1,(k-1)n + 2, ...,kn),
y = (1,2) (n+ 1, n + 2) ...« k-l) n + 1, (k-l) n + 2), and T= (n, 2, n, 3n, ..., kn, kn + 1)

be three permutations; the first of order n, the second of order 2 and the third of
order k + 1. Let H be the group generated by X and Y. By Coxeter and Moser[3], the
group H is the symmetric group Sn. Let G be the group generated by X, Yand T.
Consider the product TX. Let B = ( TX )n. Let K = (B, T). Since

B = (l,n+l,2n+l,3n+l,...,kn+1,n,2n,3n,...kn,n-1,2n-1,...kn-1,

n-2, 2n-2, ..., kn-2, ..., ...,2, n + 2,2n + 2, ..., (k-1 )n+ 2)

then we claim that K is either Akn + 1 or Skn + 1. To show this, let 6 be the mapping
which takes the element in the position i of the permutation B into the element i in the
permutation (1,2, ..., kn + 1). Under this mapping 6, the group Kwill be mapped
into the group

6( K) =( (1,2, ..., kn + 1 ),( n-1, n, n + 1, ..., n + k».

Now if k is an odd integer then (n -1, n, n + 1, ..., n + k) is an odd permutation.
Hence 6 ( K) is the symmetric group S kn + 1. Since K is a subgroup of G, then G is the
symmetric group Skn + \. While if k is an even integer then the permutations ( 1,2, ..., kn + 1 )
and (n -1, n, n + 1, ..., n + k) are even. Hence 6( K) is the alternating group
Akn + 1. In this case X, Yand Tare all even permutations. Therefore GisAkn + \. O.
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for all n ~ 2 and all k ~ 2. If k is an even integer when G ~ Skn + I.

It is important to notice that the elements X, Yand T described above satisfy the
relations of the group G given in the conjecture above. In particular, the elements X,
Ygenerate a copyofSno The elements Yand Tcommute for all n ~ 3. For all n ~ 3,
the element Tcommutes with the group Sn -I = ( Y, (XY)X -( n -3) ) .

IV. Symmetric Permutational Generating Set of Akn+l and Skn+l
Theorem IV.l. Let

X= (1,2,... ,n)(n+ 1,n+2,... ,2n)...«k-1)n+ 1,(k-1)n+2,... ,kn),
y = (1,2) (n + 1, n + 2) ...« k-1) n + 1, (k-1) n + 2) and T= (n, 2,n, 3n, ..., kn, kn + 1)
be the permut.ations described before. Let r = { To, TI, ..., Tn-I} for all n ~ 2,
where T; = Tx'. If k is an even integer, then the set r generates the alternating group
Akn + 1 symmetrically. If k is an .odd integer, then the set r generates the symmetric
group Skn + 1 symmetrically.

Proof
xLet T 0= (n, 2 n, ..., kn, kn + 1 ), TI = T = (1, n + 1, ..., (k-1) n + 1, kn +

1), ..., Tn-I = Txn-1 = (n-1,2n-1,3n-1, ...,kn-1,kn+ 1).LetH=(r}.We
claim that H =: Akn + lor Skn + 1. To show this, consider the element.

n
a = n

i =
Txi

It is not difficult to show that

a = (1, n + 1,2n + 1, 3n + 1, ,", (k-1) n + 1,2, n + 2, 2n + 2, .,', (k-1)n +

2,.."n,2n,3n",.,kn,kn+1),
Let HI = ( a, To)' We claim that HI == Hkn + lor Skn + I' To prove this, let 9 be the
mapping which takes the element in the position i of the cycle a into the element i of
the cycle (1,2, ,,' , kn + 1). Under this mapping the group HI will be mapped into

the group

9 (HI) = « 1,2, ". , kn + 1), (k (n -1) + 1, k (n -1) + 2, ,." kn, kn + 1),

As in the proof of the previous theorem we can conclude that if k is an odd integer
then H == HI== 9 (HI) == Skn+l,andifkisanevenintegerthenH==H1==9(H1)
== Akn + I' <>

The set r described above satisfies the conditions of the group given in Hammas[I].lt is
important to note that r has to have at least n elements each of order k + 1 to generate
Akn + 1 or Skn + I' The following theorem characterizes all groups found if we remove m-

elements of the set r.

Theorem IV.2 Let Tand.Xbe the permutations which have been described above, where
TK + 1 = 1. Let r = .{ T 1 ' T 2' .,. , Tn} for all n ;2: 2, where Tj = T x'. If k is an even integer

then if we remove m-elements of the set rfor all 1 ~ m ~ n -2 then the resulting set gen-
eratesAk (n -m) + I' If kis an odd integer then if we remove m-elementsofthe setrfor all
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If we remove ( n -1 ) ~ ele-1 ~ m ~ n -2 then the resulting set generates Sk (n -m) +
ments of the set r then the resulting set generates Ck + \'

Proof
Using induction on n -m, if n -m = l.then let rl = { T1 }. Since T1 is the permutation

( 1, n + 1, ..., ( k -1 ) n + 1, kn + 1 ) of order k + 1 then rl generates Ck + I. Suppose that
1 ~ m ~ n-2. AssQme that the theorem is true for n-m =[ i.e., ifT. = {T1, ..., T } then

~ generates A k (j ) + 1 or S k (j ) + ] depending on whether k is an even~r an odd int~ger re-
spectively. For n -m = j + 1, let ~ +] = {T], ..., T + I}. Let F = {T1 ' ..., T}. By this

h ..J J
hypot eSIS, FgeneratesAk (j) + I orSk(j) + I. SInce

B = (1, n + 1, 2n + 1, 3n + 1, ..., (k-1)n + 1, 2,n + 2,2n + 2, ..., (k-1)
n + 2, ...,j, n +j, 2n +j, ..., (k-1) n +j, kn + 1) e( F),
and since Tj + 1 = T xi + 1 = (j + 1, n + j + 1, 2 n + j + 1, ..., ( k -1 ) n + j + 1, kn + 1 )

then

BTj+ 1= (1, n + 1, 2n + 1, ..., (k-l) n + 1, 2,n + 2, 2n + 2, ..., (k-l)n + 2,
...,j, n +j, 2n +j, ..., (k-l)n +j,j + l,n +j + 1,2n +j + 1, ..., (k-l)n +
j + 1, kn + 1 ) E (F,Tj + I ).

But (F, Tj + I ) == Ak (j) + I or Sk (j) + I depending on whether k is an even or an odd
integer respectively, and so the theorem is true for all m. <>
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